We derive the expressions needed to interpret experiments relating to interplane magnetic coupling in YBa 2 Cu 3 O 6+x and related materials, and use the results to interpret measurements of the optical magnon energy in 
I. INTRODUCTION
In the yttrium-barium (Y-Ba) family of high temperature superconductors the basic structural unit is a "bilayer" consisting of two CuO 2 planes; the bilayers are separated by CuO chains and the coupling between bilayers is very weak. Neutron scattering 1 and more recently NMR experiments 2 have shown that the Cu spins on adjacent planes in a bilayer are coupled. Intra-bilayer coupling has been shown theoretically to lead to a "spin gap" [3] [4] [5] [6] [7] similar to that observed 8 in NMR experiments on underdoped members of the Y-Ba family.
In view of the great importance of the spin gap phenomenon, a quantitative analysis of the spin dynamics of a bilayer is desirable. In this communication we provide this analysis and use it to interpret NMR and neutron scattering experiments. Our new results include (a) a calculation of the quantum renormalization of the optic spin-wave gap in the S = A brief account of this work has been presented elsewhere 10 Focus on the two planes of a bilayer, and neglect coupling to other bilayers. Label the spin degrees of freedom by an index a = 1, 2 distinguishing planes, and a site index i.
Consider the susceptibility
The rest of this paper is organized as follows. In section II we derive an expression for the optic spin wave gap for the bilayer Heisenberg model and use the result to obtain from data 11, 12 an expression for the bilayer coupling J ⊥ in YBa 2 Cu 3 O 6.2 . In section III we formulate, solve and apply to data a model for the spin dynamics of a metallic (but nonsuperconducting) bilayer, obtaining estimates for J ⊥ , the antiferromagnetic susceptibility, and the temperature dependence of the correlation length. In section IV we extend the model to the superconducting state and show that it accounts naturally for the observation of the superconducting state 41 meV peak observed in YBa 2 Cu 3 O 7 9 and the lack of measurable signal in the normal state. Our results provide a new interpretation of a previously published numerical calculation 13 , explain why the effect was not seen in another calculation 14 and
show that an objection raised by other workers 15 is not valid. Section V is a conclusion.
II. BILAYER HEISENBERG MODEL
In this section we estimate the optic magnon energy of the bilayer Heisenberg model defined by the Hamiltonian
Here a = 1, 2 labels planes, i labels sites of a two dimensional square lattice, δ labels the four in-plane nearest neighbors of a site, and the S i are the usual S = One must also introduce a Lagrange multiplier µ to enforce the constraint. The mean field equations are given in Eqs. 2.9 of Ref. 18 and are rewritten here for convenience:
Here
In the limit J ⊥ → 0 these equations reduce those studied by Arovas and Auerbach 16 , except that in our conventions Q is four times larger than in theirs. At low T for parameters such that the ground state is ordered at T = 0 one has
with inverse correlation length κ given by
Equation 5 defines the spin stiffness ρ s .
In the T → 0 limit the integrals in Eqs. 3 may be evaluated up to corrections of order T by noting that the terms proportional to b(ω k /T ) are dominated by the divergence as ω k → 0 while in the terms proportional to 1 one may set κ = 0. If T is less than the optic mode gap one finds
Here I oa,b,c are respectively the T = 0 values of the first, second and third integrals on the left hand sides of Eqs. 3. They depend upon the ratio ∆/Q and in the limit ∆ ≪ Q are
Expressions for dynamic susceptibilities are given in Appendix C of 18 . In the limit of interest here the absorptive parts are dominated by poles representing undamped spin waves.
In the acoustic sector the dispersion is given by ω = ω k with k near Q = (π, π). In the optic sector the dispersion for wavevectors near Q is given by ω = ω k+Q . In particular the acoustic spin wave velocity is c 2 = The equation for ∆ may be rearranged to read
If one takes the limit J ⊥ /ρ s → 0 and sets Z ρs = 1, this reduces to the usual ω opt = 4 √ JJ ⊥ S. We can also obtain from the formalism an expression for the strength of the spin-wave poles. In the regime of interest the momentum integrals are dominated by the infrared divergence at ω k ≪ T ; we find, for the susceptibility per plane,
For the acoustic branch, ω q = cq; for the optic branch, ω q = ω opt . The prefactor may be written as 4πS
, where a is the lattice constant. This susceptibility is, up to an apparently omitted factor of Z c , consistent with that given in Eq. 8 of 19 . Those authors define χ as
S − S + and measure it per bilayer.
The factor of two from S − S + versus S z S z and the factor of two from bilayers leads to a difference of π/2 in our conventions.
III. METALLIC BILAYER
This situation is more complicated and less well defined than the insulating antiferromagnetic case because there is neither a generally accepted theory of the magnetic dynamics of a single layer nor a generally accepted theory of the interlayer coupling. One must therefore proceed phenomenologically. Despite the obvious limitations, we believe that this is worth doing because the spin dynamics of metallic cuprates are a subject of continuing interest and, as we shall show, recent measurements of interplane effects yield information about both the between-planes coupling and the in-plane spin dynamics.
Further analysis requires a model. We shall assume that the magnetic dynamics of a single plane may be described by a susceptibility χ 0 (q, ω) whose form we discuss further below. We also assume that the only interplane coupling is the magnetic one,
This is not an important restriction. Retaining the off-diagonal term χ 12 0 in our formalism leads only to a modest renormalization of J ⊥ , as shown also in 13 . Finally, we assume that the effects of J ⊥ may be modeled via the RPA. Thus we write
We further assume (as has been done in previous analysis of NMR in high T c materials 20 )
, where f is a scaling function normalized so that f (0, 0) = 1, z is the dynamical exponent, ξ is a correlation length measured in units of the lattice constant, and q is measured from an ordering wavevector Q which for the present discussion is arbitrary. Q is believed to be of the order of (π, π) in high T c materials. From Eq. 10 we see that
and
. The crucial parameter controlling the susceptibilities in the static limit is
Here χ max is the maximum value of the in-plane spin susceptibility. We must assume ∆ < 1 so that the material has no long range order. If
In this limit the interplane coupling has a weak effect and the RPA (which in this limit is just a perturbation expansion in J ⊥ ) is an appropriate model. On the other hand, if ∆ 2 ≈ 1 then the interplane coupling is strong and the use of the RPA may be questioned.
We now turn to the NMR experiments of interest. These are resonance frequencies, which may be independently studied. Despite the differences in local environment the electronic properties of the two planes seem essentially identical -in particular, ratios of Knight shifts and in-plane relaxation rates are temperature-independent 21 .
We therefore believe that the differences in observed relaxation rates and Knight shifts are due to differences in hyperfine couplings. An alternative view is that the electronic susceptibilities on the two planes differ. This differs may be included in our formalism and analysis, and will not change the results in an important way (basically, one replaces χ 11 by
Now the NMR T 2 measures the rate at which a nuclear spin is depolarized by interacting with other nuclear spins, i.e. it measures the nuclear-spin-nuclear-spin interaction strength.
In high T c materials the dominant contribution to the nuclear-spin nuclear-spin interaction comes from polarization of electronic spins, and may be related to the static limit of the real part of the electronic spin susceptibility 22 . In Y 2 Ba 4 Cu 7 O 15 it is possible to measure T 2 , the rate at which a spin in one plane is depolarized by spins in the same plane, and T 2⊥ , the rate at which a spin in one plane is depolarized by spins in the other plane. T 2 is related to the electronic spin susceptibility by
while T 2⊥ is given by
Here we have allowed for the different hyperfine couplings in the two planes observed experimentally. We have calculated T 2 and T 2⊥ from Eqs. (10,12,13 ). The precise values obtained depend upon the form chosen for f (qξ). We have used two forms for
, and a Gaussian, f (x) = exp(− log(2)x 2 ) (the log(2) is introduced so f (x = 1) = 1/2). We measure ξ in units of the lattice constant, we seth = 1 and assume that the hyperfine couplings can be approximated by their values at
where g in and g ⊥ are defined in terms of the function f (x) via
In writing Eqs. 16,17 we have assumed that the correlation length is so long that lattice effects may be neglected. We have investigated this issue by performing the exact integrals numerically. The parameter governing the size of the lattice effects is (πξ) −1 ; for ξ ≥ 1 we have found that lattice effects are negligible.
In Fig. 1 we present the calculated results for T We now turn to a more detailed discussion of the value of χ max inferred from the discussion of the in-plane NMR. This discussion is based on the results contained in the recent paper of Barzykin In summary, the cross-relaxation experiment shows that the real part of the susceptibility at some non-zero q is much larger than the uniform susceptibility. The temperature dependence of the T 2 rates must be due to the temperature dependence of this antiferro- There is no generally accepted model which correctly accounts for the observed lineshapes and temperature dependences. To investigate the connection between the cross-relaxation experiments and neutron scattering we have chosen to calculate the ratio of the q-integrated even and odd parity susceptibilities. This ratio is insensitive to the precise details of the susceptibilities. For definiteness we used the "MMP", dynamical exponent z = 2 ansatz
Here Γ is a microscopic spin relaxation time. The results depend on ∆ and on ω SF = Γ/ξ 2 , which is the softest spin fluctuation frequency of a single plane. Of course J ⊥ will reduce this frequency for the odd parity channel and increase it for the even channel. Results are shown in Fig. 3 for several values of ∆. We see that the relative weight of the even parity fluctuations becomes small only for ∆ > 0.5. We believe that the neutron results, which seem to require a ∆ > 0.5, are not in contradiction to our analysis of the cross-relaxation experiment, which yielded a ∆ ≤ 0.4, because the strongest neutron evidence for locked bilayers was obtained from a study of YBa 2 Cu 3 O 6.5 1 , which as we have previously noted is much closer to the magnetic instability than Y 2 Ba 4 Cu 7 O 15 , and therefore may be expected to have a ∆ ∼ 1.
As a side remark we note that a recent neutron scattering work provided a bound on the magnetic scattering in YBa 2 Cu 3 O 7 19 . Bearing in mind the factor of (g 2 π/2) difference between NMR and neutron conventions discussed above, we note that the upper bound 
IV. SUPERCONDUCTING STATE
Another experiment relevant to bilayer coupling in the Y-Ba system is the observation of a sharp peak at an energy of 41 meV in the antisymmetric susceptibility of superconducting
. A corresponding peak in the symmetric channel has not been observed 9, 19 , and an upper bound on the intensity in the symmetric channel of about 30% of the intensity in the antisymmetric channel has been established 19 . A number of theoretical works have investigated this peak (see, e.g. 13, 15, 31, 32 and references therein). We believe that the most likely explanation is that the peak is a collective mode pulled down below the superconducting gap edge by interactions, and that its appearance only in the antisymmetric channel is due to the non-zero J ⊥ . This explanation is essentially that given by Liu et al.
13
(although they did not interpret their results -which were basically numerical -in precisely this manner). An objection to this interpretation was raised by Mazin and Yakovenko 15 , who argued that within such theories an observable peak should also exist in the symmetric channel. In the remainder of this section we present a simple RPA theory of the 41 meV mode. Although the RPA is presumably not quantitatively accurate it is in fact the basis of most previous work ( [13] [14] [15] ) and is to some extent analytically tractable. Our treatment gives insight into the results of 13 , shows why the effect was not seen by 14 and shows that the objection of 15 is unfounded.
The fundamental object in the RPA is the bare electron polarizability χ 00 . This is given, at T = 0 in a superconductor, by e.g. Eq. 1 of Ref. 15 (although one must multiply their expression by 2 to convert to our conventions). In two spatial dimensions the constraints that the initial and final states lie on the Fermi surface completely specifies the kinematics (up to discrete lattice symmetry operations). Thus the threshold behavior of χ ′′ for frequencies near the gap edge may be found analytically. For Q = (ππ) and bearing in mind that 2Q is a reciprocal lattice vector one finds
Here p 0 is a wavevector such that ǫ p 0 = ǫ p 0 +Q = 0, θ is the angle between v p and v p+Q and it is assumed that the Fermi surface does not pass through a van Hove point (so v p = 0) and θ = 0, π. χ reg 00 is a function which is not singular at the gap edge; one expects χ reg 00 to be basically equal to the normal state susceptibility, and one expects the coefficient of the logarithm to be smaller by a factor A ∼ (∆/E F ). Of course, as the Fermi surface approaches the van Hove point, A increases. The dispersion ǫ p = −2t(cos p x +cos p y )+4t ′ cos p x cos p y −µ with t ′ = t/2 and µ = −1.5t has been claimed to describe YBa 2 Cu 3 O 7 33 . For this dispersion χ reg 00 = 0.6/t and the coefficient of the logarithm is 2∆/πt 2 . The ratio A is thus A ∼ = ∆/t or, using t ≈ 0.2eV and ∆ ∼ 20 meV, A ∼ 0.1. The coefficient of the logarithm is quite sensitive to details of band structure, thus the significance of our estimate is that it may be reasonable to assume A is small, but not absurdly so. Note, though, that a key feature of the calculation is that at p 0 and p 0 + Q the superconducting gap is at or near its maximum, so that A is maximal and there is no quasiparticle damping. Other workers (including 14 ) have studied a model with t ′ = 0. For this model, p 0 and p 0 + Q are near gap minima, so A is very small and damping is large, so the effects we will discuss below will not be observable.
Thus it may be concluded that within the present theory the 41 meV peak is very sensitive to details of band structure and gap anisotropy.
The RPA formula χ (a,s) = χ 00 /(1 − (J ± J ⊥ )χ 00 ) and Eq. 18 thus imply that the susceptibility diverges at frequencies ω a,s given by
Here χ max = χ 00 /1 − Jχ 00 and ∆ = J ⊥ χ max have the same meaning as in section 3. One sees immediately that if the system is not too far from a magnetic instability the large value of Jχ max may compensate for the small value of A. Also, the argument of the exponential differs for the symmetric ((1 + ∆)/(J −J perp )) and antisymmetric ((1−∆)/(J + J perp )) cases.
If Jχ max A < 1 and ∆ is not too small, then only the antisymmetric pole is appreciably removed from the gap edge. Finally, the weight in the resonance, I ± = dωχ ′′ , may be written approximately
The weight scales with the difference in energy from the gap edge, and is thus much smaller for the symmetric mode. It is enhanced by the factor 1/A ∼ 10. Because precise values for the various quantities are not available it is difficult to compare our estimate of the weight precisely to experiment. In ref 13 the value J ∼ 80meV was used 33 . The conventions are those of this paper, so to convert I to the units used in 19 one must multiply by 2/π. The result is I a,s ∼ 40 (1 − ω a,s /2∆). It thus seems that weights of order unity or larger in the antisymmetric channel are not difficult to obtain.
V. CONCLUSIONS
We have given expressions which may be useful in interpreting experiments relating to bilayer coupling in YBa 2 Cu 3 O 6+x . We have determined the quantum correction to the optic magnon gap in the insulator, and given the theory of the NMR cross relaxation T 2 experiment. We have shown that a J ⊥ ≈ 14 meV is roughly consistent with all experiments, and that the cross-relaxation experiment implies that χ has a very substantial antiferromagnetic peak, which however is not large enough to have been observed in recent neutron experiments. We have also shown that the 41 meV peak observed in the superconducting, but not the normal state of YBa 2 Cu 3 O 7 may be modeled as a collective mode pulled down below the superconducting gap by interactions.
The results presented here confirm the general picture already deduced from in-plane NMR of a χ with a substantial antiferromagnetic enhancement, and confirm that there is no fundamental contradiction between NMR and neutron scattering in the YBCO system. They also suggest that in this family of materials, interplane coupling effects will have a significant effect on the low-energy magnetic dynamics of the underdoped materials. Understanding the effects is a crucial problem for future research. 
